Preliminaries
Let M be an n-dimensional differentiable manifold of clgss C°° equipped with a (1,1) tensor field F(F 4 0,1) of olass C°° satisfying [4] (1.1) P K -F K~2 = 0, (2 rank P -rank P 15 " 2 ) » dim M, when K is even. Let us put (1.2) s = P K " 2 , t = I -F K~2 ,
where I denoting the identity operator, then we have [4] (1.3) s + t = I, st = ts = 0; s 2 = s, t 2 = t.
-619 -Equation (1.3) shows that there exist two complementary distributions S and T in M corresponding to the projection operators s and t respectively. Let F be of constant rank r, then the dimensions of S and T are (2r-n) and (2n-2r) respectively. Here dim T is even but dim S is not necessarily even. Obviously, n<2r <2n. Such a struoture is called a F(K,-(K-2))-struoture of rank r [4] . If the rank of F is maximal, r = n; then the F(K,-(K-2))--etruoture of maximal rank is an almost product structure. If the rank of P is minimal, 2r = n; then the F(K,-(K-2))-struoture of minimal rank is a F(K-2)-structure [4] .
Let denote the set of tensor fields of class C°° and of the type (r,s) in M and let T(M) be the tangent bundle over M. Let P €0!J(M) and P have local components F^ in a coordinate neighbourhood U of M. Then the complete lift F C of F will have the components of the form [3] f£ 0 9F£ PJ (2.1) P C " with respect to the induced coordinates in T(M). Theorem 2.1. Let F e o!j(M). Then the complete lift F C pt F is a F(K,-(K-2))-structure in T(M) if and only if F is a F(K,-(K-2))-structure in M. Thus P is of rank r if and oal^ if F C is of rank 2r.
Proof.
Replacing G by F in the above equation, we get
Since G is a (1,1) tensor field, therefore, replaaing G by F 2 in (2.2), we obtain (F.F 2 J C = F C (F 2 ) 0 , which by virtue of (2.3) gives (2.4) (P 3 ) C = (P C ) 3 .
Since G is a (1,1) tensor field, therefore, as a oonsequenoe of (2.2) and proceeding in a similar manner, we get
Now taking the complete lift of both sides of (1.1), we obtain
which by virtue of (2.5) and (2.6) implies that
Thus the equations F X -F K~2 =* 0 and (F C ) K -(F C ) K~2 = 0 are equivalent. Consequently, F is a F(K,-(K-2))-structure in T(M) if and only if F is a F(K,-(K-2))-structure in U. The remaining part of the theorem follows from (2.1).
Let F be a F(K,-(K-2))-structure of rank r in M. Then the c c complete lift s of s and t of t are complementary promotion tensors in T(M). Thus there exist two complementary distribu-
and T u in T(M), determined by s and t respectively.
Integrability conditions of F(K,-(K-2))-structure in tangent bundle (K even)
Let F be a F(K,-(K-2))-structure of rank r in U. Then the Nijenhuis tensor N of F is given by [3] 
-621 -Por any X,YeCI¿(M) and PeojfM), we have [3] 
Theorem 3*1.
The complete lift T C of a distribution T in M is integrable in T(M) if and only if T is integrable in M.
Proof. The distribution T is integrable in M if and only if [2] (3.3) e[tX,tY]«0 for any X, Ye3j{M).
Taking the complete lift of both sides of (3.3) and making use of (3.2), we obtain
where s «= (I -t) = I -t , is the projection tensor complementary to t®. Thus the conditions (3.3) and (3«4) are equivalent to eaoh other. Hence the theorem is proved. Taking the oomplete lift of both sides of (3.5) and using (3.2), we get
where t C «> (I -s) C = I -s C , is the projection tensor complementary to s C . Hence the conditions (3.5) and (3.6) are equivalent to each other. Thus the theorem follows. Theorem 3.3. Let the distribution T be integrable in M, that is, s.N(tX,tY) «= 0 for any X,Ye 3¿(M) [4] . Then the distribution T C is integrable in T(M) if and only if
Let N be the Nijenhuis tensor of F in T(M) of F in M. Then in view of (2.3), we obtain
Therefore,
In consequence of (2.2) and (3.2), equation (3.9) becomes
which in view of (3.2) gives
This in consequence of (3.1) yields P r 00 f . The proof is similar to that of Theorem 3.3. V/henevor the distribution S is integrable, F induces on iach integral manifold of S an almost product structure, definsc) by P/S d l f Fg.
-623 -Definition 3.1. When the distribution S is integrable and the almost product structure Fg induced from P on each integral manifold of S is also integrable, then F(K,-(K-2))-structure is said to be s^-partially integrable. Proof. In consequence of (3.1), (3.2j and (3.8), we have
since the F(K,-(K-2))-structure is SJ,-partially integrable in LI. Hence the conditions K{sX,sY) = 0 and N C (s C X C ,s C Y C ) = 0 are equivalent. This the theorem is proved. Whenever the distribution T is integrable, F induces.on each integral manifold of T a F(K-2)-structure, defined by , def F/T = Ft.
Defini tion 3.2. Then the distribution T ic integreblo ar.d the F(K-2)-structure Pj induced from P on each integral manifold of T is aleo inieprabl«, then P(X,-{K-2))--structure is said to be t^-partii ally integrable. Theorem 3.6. let F(K,-{K-2) )-etructuTe be tK-pa.rt i ally integrable in w, that is, N{tX,tY) = 0 for nny X,Ye e [4] . Then P{K,-(K-2) )-structure is tK-ps.rtinlly integrable in T(M) if and. on]y if (3.12) N C (t C X G , t C Y C ) "«. o.
Proof.
The proof is similar to that of Theorem 3.5. Definition 3.3. The F(K,-(K-2))-structure is said to be partially integrable if and only if it is s K -partially int egrablo and t^-partially integrable, simultaneously.
The o r e m 3.7. F(K,-(K-2))-structure is partially integrable'in T(M) if and only if it is partially integrable in M.
Proof. The proof of the theorem follows from Definition 3.3 and Theorems 3.5, 3.6.
When both distributions S and T are integrable, we can choose a local coordinate system such that all S are represented by putting (2n-2r) local coordinates constant and all T by putting the other (2r-n) coordinates constant. Such a coordinate system is called an adapted coordinate system.
It can be supposed that in an adapted coordinate system, the projection operators s and t have the components of the form and ^2a-2r is ^at of order (2n-2r).
Since the distributions S and T are integrable, F(S) cS and F(T) cT. Hence tha tensor F has the components of the form in an adapted coordinate system, where ^r-n an< * ^2n-2r are square matrices of order (2r-n) x (2r-n) and (2n-2r) x (2n-2r) respectively. Definition 3.4. The F(K,-(K-2))-structure is said to be integrable if:
(i) the F(K,-(K-2))-structure is partially integrable; (ii) the components F 2ri _ n of tho F(K,-(K-2) )-structare aro iiideoendent of the coordinates which are constant along tho integral manifolds of S in an adapted coordinate system; P 2r-n O 0 (3.14)
F, 2n-2r J (iii) the components F2n-2r of the F ( K »-( K_2 ))-structure are independent of the coordinates which are constant along the integral manifolds of T in an adapted coordinate system. The ore m 3.8. Let F(K,-(K-2))-structuro be integrable in M, that is, N(X,Y) = 0 for any X,Ye 3¿íM) [4] . Then P(K,-(K-2))-structure is integrable in T(M) if and only if 
